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Abstract  
To experimentally verify power loss and friction for hypoid gears, measurements in a closed 
power-loop test rig are necessary. However, these are costly and mechanically complex, since 
they require additional spur gear reducers in the loop. 
ISO directives document the use of crossed helical gear pairs as virtual gears for hypoids to 
calculate the sliding velocity since, the flank geometry at the mean point can be precisely 
represented. The use of such pairs can be a cost effective and simpler alternative for testing 
purposes. However, the validity of this analogy regarding contact mechanics and tribology 
for the full mesh cycle has not been investigated hitherto.  
In the current study a new method for calculating the sliding and rolling speed along the full 
path of contact of a hypoid gear pair is presented. Cutter kinematics are considered, for the 
accurate definition of the contact bodies. Using TCA, the load distribution on the tooth under 
quasi-static conditions and the sliding velocity are calculated for comparison purposes. By 
applying a selection algorithm, a single experimental crossed helical gear pair is chosen 
aiming to simulate the contact conditions of hypoid gears. Two test scenarios are studied 
using EHL film thickness equations and friction models for evaluating the power loss. The 
contact is an elongated ellipse with varying directions of the sliding and sum velocities, 
which are considered in the model. The kinematic equivalence shows good agreement while 
the tribological equivalence is achievable using a reduced input torque. 
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1. Introduction 
Hypoid gears are commonly used in rear axle driven passenger cars and utility vehicles, as 
well as in most all-wheel drive vehicles and trucks. About 15% of the gear market is targeted 
at rear axle assemblies comprising spiral bevel or hypoid gear sets. An overall lower centre of 
mass has been a long recognized advantage, as well as fulfilling special cases where the axles 
should not intersect for mounting purposes. An additional feature is that by properly selecting 
the pinion spiral angle and the hypoid offset, the pinion shaft diameter can be increased 
which is beneficial since it is subjected to higher bending moments. The trade-off is between 
an increasing axial contact ratio and an increase in axial thrust. The main disadvantage of 
hypoid gears is the need for flank modifications, as well as being more susceptible to scuffing 
due to high loads and high sliding. Hypoid gearing is considered the most general gearing 
type whilst bevel, worm and even planar gearing can be considered as special subsets. 
Despite this, using the general hypoid gear theory does not lend itself directly to study the 
special subset cases. Litvin and Fuentes [1, 2] presented a complete analysis of the design and 
manufacturing of hypoid gears. The main difficulty when considering the 
elastohydrodynamic (EHL) film calculation of hypoids is the complex geometry. Compared 
with helical and spur gears where meshing involves mostly planar geometric relations, the 
spatial meshing of hypoids is studied to a lesser extent. The meshing geometry is obtained in 
the studies by Karagiannis et al [3, 4] and Mohammadpour et al [5 - 7] using tooth contact 
analysis (TCA), and the CALYX software based on the work of Vijayakar [8]. Among other 
researchers, Simon has determined the load distribution using the finite element method 
(FEM) and the correct geometry. Instead of relying on the assumption of an ellipse in order to 
calculate the contact he used TCA and showed that in mismatched gears the ellipse is an 
unrealistic assumption [9, 10]. 
The analysis of crossed helical gears follows the meshing geometry. Each gear of the pair is a 
helical gear with well-defined flank geometry. The contact path of a crossed helical gear is a 
straight line. The geometric analysis is explained in depth by Grekoussis and Michailidis [11] 
using spatial geometry. The methodology described in [11] is used in the current study in 
order to explore the design space by calculating the rolling velocity direction relative to the 
contact ellipse, slide-roll ratio (SRR) and contact footprint ellipticity. A similar approach has 
been followed by Xu and Yang [12]. The absolute values of velocity and maximum Hertzian 
pressure can be adjusted independently by varying the input speed and torque. TCA has also 
been used by Zhang and Fang [13] for estimating the load carrying capacity and the load 
sharing factor between meshing teeth pairs of crossed helical gears. They showed that certain 
tooth profile modifications alter significantly the load sharing factor, resulting in only the 
middle portion of the tooth carrying the load. In the present study a properly designed tip 
relief correction is assumed, so that the load distribution is subject to smooth variation.  
In order to consider two similar gears pairs from a tribological perspective, they should have 
a similar contact footprint ellipticity, pressures, rolling and sliding velocity and direction of 
lubricant entrainment, which is commonly assumed equal to the direction of sum velocity. 
The influence of lubricant entrainment direction was studied by Omasta et al [14], Hoehn et 
al [15] and Jalali-Vahid et al [16]. Its significance is in altering the lubricant film shape and 
side-leakage, thus the film thickness. Higher entrainment speed increases the asymmetry of 
the oil film provided that the oil entrainment angle with respect to the major axis of the 
Hertzian contact ellipse is the same. 
In sections 2 and 3 of the present study a methodology is proposed to accurately calculate the 
sliding and sum velocities of a hypoid gear pair requiring only the basic input data according 
to ISO 23509 [17]. TCA results of the hypoid gear pair (maximum pressure, entrainment 
angle and contact radii) are used in conjunction with the velocity to estimate its tribological 
 
 
conditions using the film thickness and teeth friction coefficient (section 4). An extension of 
the method in section 5 allows the selection of a single experimental crossed helical gear pair 
that can be used in a closed power-loop test rig to simulate the original hypoid pair. Finally, 
in chapter 6 the torque and rotational velocity are subsequently adjusted following two 
alternative scenarios aiming at: (i) matching the maximum pressure and film thickness of the 
hypoid gear pair and (ii) matching the friction power loss. 
 
2. Crossed helical gears 
2.1 Meshing 
When the helix angles on the pitch cylinders of two mating gears have the same magnitude 
but opposite directions, the axes of the gears are parallel and their planes of action coincide. 
If the helix angles of these two gears are different, then their axes are crossed, meaning that 
they are non-parallel and non-intersecting. Their planes of action are intersecting each other 
and the resulting intersection line is the path of contact (Figure 1). It is evident that it crosses 
normally both mating gear flanks at their contact point. When the pinion drives, the starting 
and end points of meshing are on the intersection of the path of contact with the tip cylinder 
of the wheel and pinion, respectively. 
In helical gear pairs with parallel axes, the mating gear flanks contact each other along a 
common generating line, since their generating lines are parallel. These contact lines may 
extend along the entire face width or between a transverse surface and a tip cylinder. 
Consequently, helical gear pairs feature an overlap ratio in addition to the transverse contact 
ratio. 
In crossed helical gear pairs the generating lines of the mating flanks are non-parallel. 
Therefore, the mating flanks contact each other at just one point that travels along the path of 
contact. There is no overlap ratio and crossed helical gear pairs feature only normal contact 
ratio. 
 
Figure 1: Geometry of crossed helical gear pair. The path of contact is shown at the 
intersection of the two planes of action. 
 
Considering a given pair of crossed helical gears, the normal pressure angle αn, the pitch 
helix angles 𝛽𝛽𝑠𝑠1,2 as well as the radii 𝑟𝑟𝑠𝑠1,2  and 𝑟𝑟a1,2 of the pitch and tip cylinders are 
assumed. The pinion is driving whereas the right-hand helix angles are defined as positive 
and the left-hand ones as negative. 
The lengths of the approach 𝑔𝑔𝑎𝑎𝑎𝑎1 and recess 𝑔𝑔𝑎𝑎𝑎𝑎2 paths are given by the following equations: 
 
𝑔𝑔𝑎𝑎𝑎𝑎1,2 = 𝑟𝑟𝑠𝑠1,2cos𝛽𝛽𝑏𝑏1,2 ���𝑟𝑟a1,2𝑟𝑟𝑠𝑠1,2�2 − cos2 𝛼𝛼𝑡𝑡1,2 − sin𝛼𝛼𝑡𝑡1,2 � (1) 
 
A meshing point Y can be defined by its radial distance ℎ1𝑌𝑌 from the pitch cylinder. Its value 
is defined as positive for points on the addendum and negative for points on the dedendum. 
The following equations can be used to determine which point of the wheel flank comes in 
contact with a given arbitrary point of the pinion. 
 
 
 
𝑓𝑓1𝑌𝑌 = �1 + ℎ1𝑌𝑌𝑟𝑟𝑠𝑠1 �2 
 
(2) 
𝑔𝑔𝑎𝑎𝑌𝑌
𝑟𝑟𝑠𝑠1
= 1cos𝛽𝛽𝑏𝑏1 (�𝑓𝑓1𝑌𝑌 − cos2 𝛼𝛼𝑡𝑡1 − sin𝛼𝛼𝑡𝑡1) 
 
(3) 
𝑔𝑔𝑎𝑎𝑌𝑌
𝑟𝑟𝑠𝑠2
= − 1
𝑢𝑢
cos𝛽𝛽𝑠𝑠2cos𝛽𝛽𝑠𝑠1 𝑔𝑔𝑎𝑎𝑌𝑌𝑟𝑟𝑠𝑠1  
 
(4) 
𝑓𝑓2𝑌𝑌 = 1 + 𝑔𝑔𝑎𝑎𝑌𝑌𝑟𝑟𝑠𝑠2 �𝑔𝑔𝑎𝑎𝑌𝑌𝑟𝑟𝑠𝑠2 cos2 𝛽𝛽𝑏𝑏2 + 2 sin𝛼𝛼𝑎𝑎� 
 
(5) 
ℎ2𝑌𝑌
𝑟𝑟𝑠𝑠2
=  �𝑓𝑓2𝑌𝑌 − 1 (6) 
 
The geometrical data in the above equations are calculated as follows: 
 
Transverse pressure angle 𝛼𝛼𝑡𝑡 tan𝛼𝛼𝑡𝑡1,2 = tan𝛼𝛼𝑎𝑎1,2cos𝛽𝛽𝑠𝑠1,2  (7) 
Base helix angle 𝛽𝛽𝑏𝑏 tan𝛽𝛽𝑏𝑏1,2 = cos𝛼𝛼𝑡𝑡1,2 tan𝛽𝛽𝑠𝑠1,2 (8) 
Gear ratio 𝑢𝑢 
𝑢𝑢 = 𝑟𝑟𝑠𝑠2
𝑟𝑟𝑠𝑠1
cos𝛽𝛽𝑠𝑠2cos𝛽𝛽𝑠𝑠1 (9) 
 
2.2 Kinematics 
According to ISO 1122-1:1998 [18], the pitch surface is the geometrical surface described by 
the instantaneous axis of relative movement of the mating gear, in relation to the gear under 
consideration. The pitch surfaces of cylindrical gear pairs with parallel axes are rolling 
without slipping. Pitch surfaces of gear pairs with crossed axes, such as crossed helical and 
hypoid gear pairs, are sliding along their tooth flanks.  
The trajectory of a contact point on an active flank can be obtained by projecting the path of 
contact on a plane that tangents the flank at the contact point or, in other words, on the 
generating rack flank (Figure 2). The relative velocities of the pinion and gear flank at a 
given contact point along its trajectory, are respectively: 
 
𝑣𝑣𝑓𝑓1𝑌𝑌
𝑣𝑣1
= �𝑓𝑓1𝑌𝑌 − (cos𝛼𝛼𝑎𝑎 cos𝛽𝛽𝑠𝑠1)2 
 
(10) 
𝑣𝑣𝑓𝑓2𝑌𝑌
𝑣𝑣1
= cos𝛽𝛽𝑠𝑠1cos𝛽𝛽𝑠𝑠2 �𝑓𝑓2𝑌𝑌 − (cos𝛼𝛼𝑎𝑎 cos𝛽𝛽𝑠𝑠2)2 
 
(11) 
 
 
tan 𝛾𝛾𝛣𝛣𝛣𝛣1,2 = 1sin𝛽𝛽𝑏𝑏1,2 � 𝑓𝑓1𝑌𝑌cos2 𝑎𝑎𝑡𝑡1,2 − 1 
 
(12) 
where 𝛾𝛾𝛣𝛣𝛣𝛣1,2, is the angle between the flank generating line and the trajectories.  
It should be noted that the vector of the relative tangential velocity of the driving flank is 
directed towards the tooth root, whereas the vector of the driven flank is directed towards the 
tooth tip. The relative sliding velocity can be obtained by the vector difference of the above 
tangential velocities. The entrainment velocity is defined as half the sum velocity. In 
tribology the term “rolling” is interchangeably used with “entrainment” velocity 
 
𝑣𝑣𝑔𝑔𝑌𝑌
𝑣𝑣1
������⃗ = 𝑣𝑣𝑓𝑓1𝑌𝑌
𝑣𝑣1
��������⃗
−
𝑣𝑣𝑓𝑓2𝑌𝑌
𝑣𝑣1
��������⃗
 
 
(13) 
𝑣𝑣𝛴𝛴𝑌𝑌
𝑣𝑣1
������⃗ = 𝑣𝑣𝑓𝑓1𝑌𝑌
𝑣𝑣1
��������⃗ + 𝑣𝑣𝑓𝑓2𝑌𝑌
𝑣𝑣1
��������⃗
 
 
(14) 
 
 
Figure 2: Flank velocities projected at contact point Y. The trajectories of the contact points 
are shown as dotted lines on the flanks of the pinion and the wheel. The sliding and sum 
velocities are calculated using vector analysis. 
 
2.3 Contact footprint and pressure 
As outlined previously, the mating flanks of a crossed helical gear pair contact each other at a 
point. In order to calculate the contact footprint and pressure, the Hertzian theory can be 
applied. The flanks are modelled in the vicinity of the contact point as two cylinders with 
generating lines coincidental to the flank generating ones. Their radii 𝜌𝜌𝛣𝛣1,2 and crossing angle 
φφ can be calculated as follows: 
 
𝜌𝜌𝐵𝐵1,2𝛶𝛶 = 𝑟𝑟𝑠𝑠1,2cos𝛽𝛽𝑏𝑏1 �𝑓𝑓1,2𝑌𝑌 − cos2 𝛼𝛼𝑡𝑡1,2 
 
(15) 
𝜑𝜑 =𝛽𝛽𝑡𝑡1 + 𝛽𝛽𝑡𝑡2 
 (16) sin𝛽𝛽𝑡𝑡1,2 = tan𝛼𝛼𝑎𝑎 tan𝛽𝛽𝑏𝑏1,2 
 (17) 
According to Hertzian theory, the shape of the resulting footprint is elliptical. The major a𝑌𝑌  and minor 𝑏𝑏𝑌𝑌 semi-diameters of the contact ellipse are calculated as follows: 
 a𝑌𝑌 = 𝑤𝑤𝑌𝑌𝜉𝜉𝑌𝑌, 
 
(18) 
𝑏𝑏𝑌𝑌 = 𝑤𝑤𝑌𝑌𝜂𝜂𝑌𝑌 
 
(19) 
 
 
𝑤𝑤𝑌𝑌 = �1.5𝐹𝐹𝑎𝑎𝑌𝑌(𝑘𝑘1 + 𝑘𝑘2)1
𝜌𝜌𝐵𝐵1𝑌𝑌
+ 1𝜌𝜌𝐵𝐵2𝑌𝑌3   
 
(20) 
where 𝑘𝑘1,2 = 1 − 𝜈𝜈1,22𝛦𝛦1,2  (21) 
 
Parameters 𝜉𝜉𝑌𝑌 and 𝜂𝜂𝑌𝑌 can be numerically determined as functions of the auxiliary angle 𝜃𝜃𝑌𝑌, 
which depends only on the radii of curvature and crossing angle φ of the modelled cylinders:  
 cos 𝜃𝜃𝑌𝑌 = �1 − 4𝜆𝜆𝑌𝑌(1 + 𝜆𝜆𝑌𝑌)2 sin2 𝜑𝜑 
 
(22) 
where 𝜆𝜆𝑌𝑌 = 𝜌𝜌𝐵𝐵1𝛶𝛶𝜌𝜌𝐵𝐵2𝛶𝛶 = 𝑟𝑟𝑠𝑠1𝑟𝑟𝑠𝑠2 cos𝛽𝛽𝑏𝑏2cos𝛽𝛽𝑏𝑏1   �𝑓𝑓1𝑌𝑌 − cos2 𝛼𝛼𝑡𝑡1�𝑓𝑓2𝑌𝑌 − cos2 𝛼𝛼𝑡𝑡2 
 
(23) 
Details on the computation of 𝜉𝜉𝑌𝑌 and 𝜂𝜂𝑌𝑌 can be found in Appendix A. The direction of the 
contact ellipse at a meshing point Y is defined by the angle 𝜑𝜑′𝑌𝑌 between its major axis and the 
pinion flank generating line passing through that point [19]: 
 cos 2𝜑𝜑𝑌𝑌′ = 𝜆𝜆𝑌𝑌 + cos 2𝜑𝜑
�1 + 𝜆𝜆𝑌𝑌2 + 2𝜆𝜆𝑌𝑌 cos 2𝜑𝜑 (24) 
 
It should be noted that the direction of the contact ellipse varies throughout the meshing 
cycle, because it depends on the curvature ratio, although the crossing angle of the flank 
generating lines remains unchanged. Finally, the maximum Hertzian 𝜎𝜎𝛨𝛨𝑌𝑌 pressure is: 
 
𝜎𝜎𝛨𝛨𝑌𝑌 = 1.5 𝐹𝐹𝑎𝑎𝑌𝑌𝜋𝜋𝑎𝑎𝑌𝑌𝑏𝑏𝑌𝑌 (25) 
 
where 𝐹𝐹𝑎𝑎𝑌𝑌 is the normal force at contact point Y. 
 
3. Hypoid gear pairs 
3.1 Meshing 
As their name implies, the geometrically exact pitch surfaces of a hypoid gear pair are two 
hyperboloids contacting each other along a common generating line. The current Gleason 
manufacturing technology generates gears with pitch surfaces that closely approximate the 
hyperboloids by a conical frustum. Therefore, the generating lines of the mating flanks are 
crossing each other, even at a small angle. Moreover, several limitations regarding the face 
width, minimum number of teeth, spiral and pressure angles are imposed.  
Following the application of properly designed flank modifications (such as crowning), the 
contact elongated elliptical footprint can be extended across the flank approximating a line. 
 
 
Elastic deformations of gears, shafts etc. strongly affect the flank contact conditions. In other 
words, the actual flank surfaces and the deformations should be taken into account to 
accurately determine the actual meshing. As a first approximation, if manufacturing 
deviations, applied modifications and elastic deformations are neglected, the path of contact 
of a hypoid gear pair is a line normal to the mating flanks. 
Considering a given pair of hypoid gears, the normal pressure angle of the active flanks 𝛼𝛼𝑎𝑎, 
the spiral angles 𝛽𝛽𝑚𝑚1,2, the pitch angles 𝛿𝛿1,2, the mean pitch diameters 𝑑𝑑𝑚𝑚1,2 (or radii 𝑟𝑟𝑚𝑚1,2) 
and the mean addenda ℎ𝑎𝑎𝑚𝑚1,2 are assumed as known. The lengths of approach 𝑔𝑔𝑎𝑎𝑎𝑎1 and 
recess 𝑔𝑔𝑎𝑎𝑎𝑎2 paths are given by the following: 
 
𝑔𝑔𝑎𝑎𝑎𝑎1,2 = 𝑟𝑟𝑎𝑎1,2 ���1 + ℎ𝑎𝑎𝑚𝑚1,2𝑟𝑟𝑎𝑎1,2 �2 − cos2 𝛼𝛼𝑎𝑎 − sin𝛼𝛼𝑎𝑎� 
 
(26) 
where  𝑟𝑟𝑎𝑎1,2 = 𝑟𝑟𝑚𝑚1,2cos2 𝛽𝛽𝑚𝑚1,2 cos 𝛿𝛿1,2 (27) 
 
The above equations are obtained by simulating the meshing of the given hypoid gear pair 
with a crossed helical one, having helix angles equal to the spiral angles, and equal pressure 
angle and addendums. For convenience this gear pair will be referred hereafter as “mean 
crossed helical”. 
 
3.2 Kinematics 
The mean crossed helical gear pair can be employed to calculate the sliding and sum 
velocities of an arbitrary contact point using the equations given in section 2. However, it 
should be noted that this approximation is accurate only at the mean point of the hypoid 
gears. In order to calculate the velocities at other points, one has to consider the tooth 
curvature on the crown gear face and determine the trajectory of the contact point.  
Face hobbed gears without flank modifications are considered in the current study. With face 
hobbing, the curve along the length of the tooth is an extended epicycloid and is a function of 
the relative roll between the work piece and the cutter. At an arbitrary mesh point Y given by 
radius 𝑟𝑟𝑌𝑌1,2 , the spiral angle 𝛽𝛽𝑌𝑌1,2 can be calculated using the cutter radius 𝑟𝑟𝑐𝑐01,2  , the roll 
circle radius 𝐸𝐸𝑏𝑏1,2 and the base circle radius 𝐸𝐸𝑦𝑦1,2 using the following equations: 
 tan𝛽𝛽𝑌𝑌1,2 = 𝑅𝑅𝑌𝑌1,2 − �𝐸𝐸𝑥𝑥1,2 − 𝐸𝐸𝑏𝑏1,2� cos𝜓𝜓𝑌𝑌1,2
�𝐸𝐸𝑥𝑥1,2 − 𝐸𝐸𝑏𝑏1,2� sin𝜓𝜓𝑌𝑌1,2  
 
(28) where 𝐸𝐸𝑥𝑥1,2 = 𝐸𝐸𝑦𝑦1,2 + 𝐸𝐸𝑏𝑏1,2 
 (29) 
𝑅𝑅𝑌𝑌1,2 = 𝑟𝑟𝑌𝑌1,2sin 𝛿𝛿1,2 
 
(30) 
and cos𝜓𝜓𝛶𝛶1,2 = 𝑅𝑅𝑌𝑌1,22 + 𝐸𝐸𝑥𝑥1,2 − 𝑟𝑟𝑐𝑐01,22𝐸𝐸𝑥𝑥1,2𝑟𝑟𝑌𝑌1,2  (31) 
 
 
 
Having determined the spiral angles at a mesh point Y for both pinion and wheel, it is 
possible to define an infinitesimal narrow crossed helical gear pair that simulates the 
kinematic conditions of the hypoid gears at that considered point. It will be referred to as 
“running simulating crossed helical gear pair”. The pitch helix angles 𝛽𝛽𝑠𝑠1,2 and pitch radii 
𝑟𝑟𝑠𝑠1,2 are calculated as follows:  
 
𝛽𝛽𝑠𝑠1,2 = 𝛽𝛽𝑌𝑌1,2 (32) 
 
𝑟𝑟𝑠𝑠1,2 = 𝑟𝑟𝑌𝑌1,2cos 𝛿𝛿1,2 (33) 
 
It is evident, that when Y is the mean point of the hypoid gear pair, the running and mean 
simulating crossed helical gear pairs coincide. At the mean point of the hypoid gear pair, the 
sliding and sum velocities are calculated at the pitch cylinders i.e. ℎ𝑌𝑌1 = 0, of the mean 
simulating gear pair using the equations given in the previous chapter. 
The next meshing point is defined considering the trajectory of the contact point on the flank 
of the generating gear of the wheel and pinion, respectively. If in the next instant, the contact 
point moves towards a new position at 𝛥𝛥𝛥𝛥 from the generating gear mid—plane, it also 
covers a distance Δx along the length of the pinion or wheel flank: 
  
𝛥𝛥𝛥𝛥 = 𝛥𝛥𝛥𝛥
𝑡𝑡𝑎𝑎𝑡𝑡 𝛾𝛾𝐹𝐹1,2 (34) 
 
𝛥𝛥𝛥𝛥 is considered as positive when the new position of the contact point is on the addendum. 
At the new position, the spiral angles 𝛽𝛽𝑌𝑌′1,2 can be obtained by equation (28) substituting its 
cone distance 𝑅𝑅𝑌𝑌′1,2 as calculated per the procedure outlined in Appendix B. Alternatively, 
the following equation can be used, which assumes that the curve along the length of the 
tooth is approximately a circular arc [20]: 
 
𝑅𝑅𝑌𝑌′1,2 = �𝑅𝑅𝑚𝑚1,22 + 2𝑅𝑅𝑚𝑚1,2𝛥𝛥𝑥𝑥 cos𝛽𝛽𝑚𝑚1,2 + 𝛥𝛥𝑥𝑥2 (35) 
 
The mean cone distance 𝑅𝑅𝑚𝑚1,2 is calculated by equation (30) for 𝑟𝑟𝑌𝑌1,2 = 𝑟𝑟𝑚𝑚1,2. The pitch radii 
of the running simulating crossed helical gear pair are obtained from the following equation: 
 
𝑟𝑟𝑠𝑠𝑌𝑌′1,2 = 𝑅𝑅𝑌𝑌′1,2 sin 𝛿𝛿1,2 (36) 
 
The radial distance ℎ𝑌𝑌′1 of the new position Y′ of the contact point from the pitch cylinder of 
the helical pinion is: 
 
ℎ1𝑌𝑌′
𝑟𝑟𝑠𝑠𝑌𝑌′1 = �� 𝑔𝑔𝑎𝑎𝑌𝑌𝑟𝑟𝑠𝑠𝑌𝑌′1 + sin𝛼𝛼𝑎𝑎�2 + cos2 𝛼𝛼𝑎𝑎 − 1 (37) 
 
𝑔𝑔𝑎𝑎𝑌𝑌 = 𝛥𝛥𝛥𝛥cos𝛼𝛼𝑎𝑎 (38) 
 
 
 
Having defined the running simulating crossed helical gear pair (𝛽𝛽𝑠𝑠1,2  =  𝛽𝛽𝑌𝑌′1,2 and 𝑟𝑟𝑠𝑠1,2  = 𝑟𝑟𝑠𝑠𝑌𝑌′1,2) the relative sliding and sum velocities at the new contact point Y′(ℎ1𝑌𝑌 = ℎ1𝑌𝑌′) are 
obtained as presented in section 2.2. 
 
3.3 Contact footprint and pressure 
The particulars outlined in section 3.1 indicate that tooth contact analysis (TCA) is the most 
appropriate method to calculate the teeth contact footprint. This method meshes the surfaces 
of the gears and attempts to numerically resolve the contact points under load by solving the 
stiffness matrix using Finite Element Analysis. The gear surfaces are generated by a given set 
of inputs regarding the manufacturing method, such as cutter geometry, machine settings and 
blank dimensions.  
Among the advantages of using TCA is the ability to solve the contact problem under static 
or quasi-static mode. Manufacturing deviations, misalignments and deformation due to 
loading can be taken into account and the load distribution of each tooth during the meshing 
cycle is calculated. The results obtained by TCA include besides loads, the approach of the 
surfaces termed as ease-off both under unloaded and loaded conditions. The calculated 
distances are then used as a guideline in order to define the flank crowning needed in order to 
obtain a better contact footprint. 
 
4. Tribological conditions 
4.1 Film thickness and friction power loss 
In order to evaluate the film thickness of the elliptical point contact with angled lubricant 
flow the equation given by Chittenden et al. [21] is used. The equations refer to an ellipsoid 
having principal major axis radius R′and minor axis 𝑅𝑅". The lubricant is assumed to entrain at 
an angle to the minor axis 𝑅𝑅". An equivalent second ellipsoid is calculated with radii Re in 
the entrainment direction and 𝑅𝑅𝑠𝑠 in the transverse or else side leakage direction. Assuming 
fully flooded lubricated contacts, friction is due to shearing of the lubricant. Gear contacts are 
typically highly loaded; so, the lubricant behaviour is in the visco-elastic lubrication regime. 
The contacting bodies are assumed to be smooth. In the present study, no starvation of 
reverse flow is considered but using the methodology presented by Mohammadpour et al[22] 
the results can be extended. 
  
ℎ𝑐𝑐𝑐𝑐
∗ = 4.31𝑈𝑈∗0.68𝐺𝐺∗0.49 𝑊𝑊∗−0.073 �1 − 𝑒𝑒−1.23�𝑅𝑅𝑆𝑆𝑅𝑅𝑒𝑒�23� (39) 
 
𝑊𝑊∗ = 𝜋𝜋𝑊𝑊𝑗𝑗2𝐸𝐸𝑟𝑟𝑅𝑅𝑒𝑒2 ,𝑈𝑈∗ = 𝜋𝜋𝜂𝜂0𝑈𝑈4𝐸𝐸𝑟𝑟𝑅𝑅𝑒𝑒 ,𝐺𝐺∗ = 2𝜋𝜋 (𝛦𝛦𝑟𝑟𝛼𝛼),ℎ𝑐𝑐𝑐𝑐∗ = ℎ𝑐𝑐𝑐𝑐𝑅𝑅𝑒𝑒  (40) 
𝐸𝐸𝑟𝑟 = 𝜋𝜋𝑘𝑘1 + 𝑘𝑘2 (41) 
 
In section 3 the radii of the contacting cylindrical bodies 𝜌𝜌𝐵𝐵𝑦𝑦1,2 are calculated along with the 
crossing angle, 𝜑𝜑. Using equations (42) - (44) the equivalent ellipsoid is calculated [23]: 
 
 
 
𝑅𝑅′ = 12𝐴𝐴 ,𝑅𝑅′′ = 12𝐵𝐵 (42) 
 
Where the auxiliary values 𝐴𝐴 and 𝐵𝐵 can be found by solving the following system: 
 
𝐵𝐵 − 𝐴𝐴 = 12� 1𝜌𝜌𝐵𝐵𝑦𝑦12 + 1𝜌𝜌𝐵𝐵𝑦𝑦22 + 2 cos 2𝜑𝜑𝜌𝜌𝐵𝐵𝑦𝑦1𝜌𝜌𝐵𝐵𝑦𝑦2�12 (43) 
 
𝐴𝐴 + 𝛣𝛣 = 12� 1𝜌𝜌𝐵𝐵𝑦𝑦1 + 1𝜌𝜌𝐵𝐵𝑦𝑦2� (44) 
 
The second equivalent ellipsoid that is aligned to the entrainment direction is calculated as 
follows: 
 1
𝑅𝑅𝑒𝑒
= cos2 𝜀𝜀𝜉𝜉𝛴𝛴𝑌𝑌
𝑅𝑅" + sin2 𝜀𝜀𝜉𝜉𝛴𝛴𝑌𝑌𝑅𝑅′ , 1𝑅𝑅𝑆𝑆 = sin2 𝜀𝜀𝜉𝜉𝛴𝛴𝑌𝑌𝑅𝑅" + cos2 𝜀𝜀𝜉𝜉𝛴𝛴𝑌𝑌𝑅𝑅′  (45) 
 
The friction coefficient for the lubricated contact is given by Johnson and Greenwood [24] as: 
 
𝜇𝜇 = 0.87𝛼𝛼𝜏𝜏0 + 1.74𝜏𝜏0𝜎𝜎𝛨𝛨𝛶𝛶/1.5 ln
⎝
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𝐸𝐸′ = 𝐸𝐸𝑟𝑟
𝜋𝜋
 
(48) 
5. Calculation of crossed helical gear pair data for testing 
Evaluating the scuffing resistance of hypoid gear sets has been always a main concern. The 
typical setup for testing is even nowadays a closed power-loop test rig with two hypoid gear 
sets on one end and a spur gear pair on the other. Such test rigs have limitations and high 
associated costs [25]. Hypoid gear pairs may exhibit different efficiency when used back-to-
back in a closed power-loop test rig since one pair is being driven on the coast side and the 
other on the drive side. Furthermore, matching contact patterns in two gear sets is rather 
impossible, since the gears are always run-in before operation and therefore no two pairs are 
identical. The use of a 5-axis CNC machine is recently introduced as a potential 
manufacturing method to improve the gear pair matching but most pairs are still produced by 
elaborate gear generators using face hobbing or milling. The equivalent crossed helical gears 
of ISO 23509 [17] can be used for calculating the kinematic conditions only at the mean 
point. Since this modelling approach results in gear pairs with very large ratios and non-
 
 
integer number of teeth, it cannot be applied to design crossed helical gears for fitting in a 
specific test rig. In the present study, the parameters of the test rig installed in the lab of 
Machine Elements and Machine Design (L.M.E.M.D.) are used as an example. It has a centre 
distance of 112.8 mm and can accommodate crossed axes helical gear pairs with shaft angles 
between 15-20°. The applied torque load is defined manually using a lever and weights 
allowing the relevant rotation of two flanges which are once rotated bolted together. The 
achievable loading is between 50-500 Nm. In order to define the experimental gear pair, the 
parameters listed in Table 1 must be calculated. 
 
Table 1 Crossed helical gear pair data 
Normal pressure angle ° 𝛼𝛼𝑡𝑡 
Number of teeth of gear 1 − 𝑧𝑧1 
Number of teeth of gear 2 − 𝑧𝑧2 
Module 𝑚𝑚𝑚𝑚 𝑚𝑚𝑡𝑡 
Helix angle base circle gear 1 ° 𝛽𝛽1 
Helix angle base circle gear 2 ° 𝛽𝛽2 
Addendum modification 
coefficient (profile shift) gear 1 
− 𝛥𝛥1 
Addendum modification 
coefficient (profile shift) gear 2 
− 𝛥𝛥2 
Addendum correction of gear 1 − 𝑘𝑘1 
Addendum correction of gear 2 − 𝑘𝑘2 
 
The equivalent gear pair must maintain the helix angles of the original hypoid pair, as well as 
the module and normal pressure angle. The former is necessary to be as close as possible to 
the real pair since it strongly affects the overall tooth dimensions.  
The rolling and sliding velocities are calculated as described previously. A proposed starting 
point is to maintain the number of teeth of the bigger gear, and select the smaller gear so that 
the module is close to the original. An additional limitation is that the typical helical gear 
hobs are available in specific modules, so the gear module should be approximated to the 
closest available. Once close enough, a minor adjustment of the helix angles will be 
necessary so that the module is correct, alternatively an addendum modification (profile shift) 
can be calculated. For a non-zero total addendum modification (V-gears) of the gear pair the 
working helix angles and the shaft angle are different than the original values and an iterative 
process is required for the actual addendum modified working angles to match the original 
reference helix angles.  
A methodology has been implemented for calculating the remaining unknown parameters 
(number of teeth and addendum modification) for a given centre distance. Any gear pair ratio 
that satisfies the angle constraints mentioned, will have the same ratio of sliding and rolling 
velocity at the pitch point as the mean face-width of the hypoid pair, but will deviate 
significantly at the dedendum and addendum.  
The helix angles are then calculated and through an iterative method they are matched to the 
hypoid gear pair. A MATLAB code is built by L.M.E.M.D. to provide a systematic calculation 
of all possible combinations of input parameters for the screw gears and compare the 
resulting angles of lubricant entrainment, SRR and ellipticity ratio with those of the given 
hypoid pair.  
 
6. Results and discussion 
 
 
6.1 Hypoid gear pair  
According to ISO 23509:2006 – Method 1 (Gleason) the variables included in Table 2 are 
required. The ISO method does not account for any special modifications, nor does it take 
into account any special cutter shape.  
 
Table 2 Input hypoid parameters 
Parameter name Symbol Value Parameter name Symbol Value 
Shaft angle 𝛴𝛴 90 o Number of teeth pinion 𝑧𝑧1 13 
Hypoid offset 𝑎𝑎 24 mm Number of teeth wheel 𝑧𝑧2 36 
Pressure angle 𝑎𝑎𝑚𝑚𝑡𝑡 20
 o Mean spiral angle pinion 𝛽𝛽
𝑚𝑚1 45 o59’ 
Normal module 𝑚𝑚𝑚𝑚𝑡𝑡 3.3842 
mm 
Face width tooth wheel 𝑏𝑏2 30 mm 
Gear ratio 𝑖𝑖 2.769 Outer pitch diameter wheel 
𝑑𝑑𝑒𝑒2 165 mm 
Addendum modification 
coef. 
𝛥𝛥ℎ𝑚𝑚1= −𝛥𝛥ℎ𝑚𝑚2 0 Blade groups 𝑧𝑧0 11 
Basic crown gear 
addendum factor                                  
𝑘𝑘ℎ𝑎𝑎𝑎𝑎 1 Cutter radius 𝑟𝑟𝑐𝑐0 63.5 mm 
Basic crown gear 
dedendum factor 
𝑘𝑘ℎ𝑓𝑓𝑎𝑎 1.25 Thickness modification coefficient   
𝛥𝛥𝑠𝑠𝑚𝑚𝑡𝑡 0 
Addendum angle of wheel 𝜃𝜃𝑎𝑎2 1.5 o Pinion speed 𝑡𝑡1 4500 rpm 
Dedendum angle of wheel 𝜃𝜃𝑓𝑓2 -1.5 o Sense of pinion  Right 
Driving member  Pinion Driving flank  Concave 
Wheel cutting method  Formate Cutting method  Face Hobbing 
 
The parameters in Table 3, are required for calculating the sliding and sum (rolling) velocities 
and are obtained following the ISO 23509:2006 calculation.  
 
Table 3 Calculated hypoid parameters 
Parameter name Symbol Pinion Wheel 
Mean diameter 𝑑𝑑0𝑚𝑚 63.32 mm 137.47 mm 
Mean Spiral Angle wheel 𝛽𝛽
𝑚𝑚2 See table 2 27 o36’ 
Pitch angle 𝛿𝛿 29 o10’ 59 o32’ 
Face width tooth  𝑏𝑏 33.78 mm See table 2 
Addendum ℎ𝑘𝑘𝑚𝑚 3.3845 mm 3.3845 mm 
Dedendum ℎ𝑓𝑓𝑚𝑚 4.06 mm 4.06 mm 
Outer pitch cone distance 𝑅𝑅𝑒𝑒 82.8397 mm 95.7169 mm 
Crown gear to cutter centre distance (base circle) 𝜌𝜌
𝑃𝑃0 = 𝐸𝐸𝛥𝛥 65.2705 mm 92.4075 mm 
Epicycloid roll circle radius 𝜌𝜌
𝑃𝑃0 − 𝜌𝜌𝑏𝑏 = 𝐸𝐸𝑏𝑏 19.0589 mm 19.2636 mm 
 
In Figure 3, the 3D model - as created by the TCA software - is shown side by side to a 2D 
sketch of the hypoid gear pair. The hypoid offset is positive and the angle of the pinion is 
greater than that of the wheel. The tooth height is approximately equal along the entire tooth 
width. 
 
 
 
Figure 3: A) 3D model of the hypoid pair used in TCA. B) Sketch of the main diameters and 
mean pitch cones. 
 
Figure 4, displays the ease-off of the pinion flank as calculated by TCA. It is apparent that the 
contact occupies a limited area and is indeed a point contact. 
 
 
Figure 4: Ease-off pinion flank. The plane is divided to the number of nodes used by TCA. 
 
In order to calculate the power loss, the required friction coefficient is computed according to 
equation (46). The parameters of typical lubricant and material (case hardened steel) of the 
contacting surfaces are given in Table 4. 
 
Table 4 Lubricant and contacting surface properties 
Lubricant atmospheric dynamic viscosity at 40°C  Pa. s 𝜂𝜂0 0.195 
Lubricant atmospheric dynamic viscosity at 
100°C  
Pa. s 𝜂𝜂0 0.0171 
Pressure viscosity coefficient Pa−1 𝛼𝛼 2.383 × 10−8 
Lubricant Eyring shear stress MPa 𝜏𝜏0 2 
Density of contacting solids kg/m3 𝜌𝜌′ 7850 
Heat capacity of contacting solids J/kgK 𝑐𝑐′ 470 
Thermal conductivity of contacting solids W/mK 𝐾𝐾′ 46 
Thermal conductivity of lubricant W/mK ?̇?𝐾 0.14 
Heat capacity of lubricant J/kgK 𝑐𝑐 2000 
 
6.2 Sliding and rolling velocity 
The calculation methodology presented in section 3, is compared using the gear pair data 
shown in tables 1 and 2, to other available methodologies. ISO TR13989-2 [26] includes a 
method to calculate the velocities at the mean point only. It is based on a single virtual 
crossed gear pair. The TCA software uses 3D vector estimation of the velocities. Finally, 
Klein [27] calculates the velocity of the hypoid gear pair by substituting it with a pair of 
virtual spur gears and modifies the corresponding equations in order to include the sliding 
velocity at the pitch point. The relative sliding velocities are presented along the contact path 
in Figure 5, while the relative sum velocities in Figure 6. 
 
 
Figure 5: Comparison of the relative sliding velocity. 
 
The sum velocity plotted in Figure 6 is compared against the results obtained according to 
Klein. TCA does not provide values for the sum velocity. The ISO 13989-2 provides a 
calculation of the sum velocity only at the pitch point of the virtual crossed gear pair which 
corresponds to the mid-face width point of the hypoid gears.  
 
 
Figure 6: Comparison of the sum velocity 
 
 
 
Although all methods provide similar results, some key observations can be made. Regarding 
sliding velocity, TCA shows some noise issues due to difficulty in accurately obtaining the 
centre of the contact, as well as due to surface discretization. However, TCA takes into 
account all aspects such as deformations and tooth forms and is well accepted in literature. 
The ISO method overestimates the sliding in the dedendum similarly to the spur virtual gear 
method used by Klein. The proposed method using the running crossed helical gear pair 
follows closely an undeformed and geometrically exact hypoid pair. The sum velocity in the 
pitch point is equal in all three methods. In the addendum the match is very close between the 
proposed method and that of Klein, but an observable difference is evident in the dedendum.  
 
6.3 Experimental crossed gear pair 
The method presented in section 5 allows for the identification of an equivalent gear pair 
suitable for tests. The results are shown in Table 5. 
 
Table 5 Equivalent gear pair data 
   Gear 1 (pinion)  Gear 2 
Axes angle (°) 𝛴𝛴 18 o24’   
Centre-distance (mm) a 112.8   
Normal module (mm) 𝑚𝑚𝑡𝑡 3.25   
Number of teeth  - 𝑧𝑧1 21 𝑧𝑧2 35 
Helix angle at 
reference circle 
(°) 𝛽𝛽1 -45
 o39’ 𝛽𝛽2 27
 o15’ 
Addendum 
modification 
coefficient 
 𝛥𝛥1 0 𝛥𝛥2 0 
Pressure angle (°) 𝛼𝛼𝑎𝑎 20  20 
Base diameter (mm) 𝑑𝑑𝑏𝑏1 86.6047 𝑑𝑑𝑏𝑏2 118.4191 
Working diameter (mm) 𝑑𝑑𝑤𝑤1 97.6408 𝑑𝑑𝑤𝑤2 127.9592 
Transverse working 
angle 
(°) 𝑎𝑎𝑤𝑤𝑡𝑡1 27o30’16” 𝑎𝑎𝑤𝑤𝑡𝑡2 22 o15’52” 
 
The following figures (Figure 7 and Figure 8) show a comparison of the velocities between 
the hypoid gear pair and the equivalent crossed helical one. The sliding velocity has an 
almost ideal match. It is apparent that for the sum velocity a slight difference in the shape is 
present, but the maximum and minimum values in the addendum and dedendum are 
adequately similar.  
 
 
Figure 7: Relative sum velocity comparison  
 
Figure 8: Relative sliding velocity comparison 
 
6.4 Experimental conditions 
 
 
The equivalent crossed helical gear pair closely resembles the hypoid in aspects of velocity 
and geometry. However, an important difference should be emphasized caused by the 
geometry of the contacting flanks. The concave-convex form of the hypoid teeth increases the 
maximum transferrable power for a given allowable maximum surface pressure. 
When choosing experimental conditions, it is obvious that a compromise is necessary and it 
can be driven by a different goal. In this study, two different scenarios are evaluated and 
presented as shown in Table 6. The first aims at having the same friction coefficient – hence 
the values of the pressure and velocity are set equal to those of the hypoid gear pair; whereas 
in the second scenario the absolute value of the power loss is of importance with as close as 
possible values of the maximum pressure. The reader can of course use the methodology to 
design a different scenario with other goals (such as friction power intensity, flash 
temperature etc.). The rotational speed is selected to match the linear velocity of the pinion at 
the mean face width point v1: 
 
 
𝑣𝑣1 = 𝜔𝜔1𝑟𝑟𝑚𝑚1 = 𝜔𝜔𝑠𝑠1𝑟𝑟𝑠𝑠1 (49) 
 
Table 6 Experimental conditions 
 
 Hypoid Pair Crossed helical pair 
Speed (rpm) 4500 3000 3000 
Torque (Nm) 101.088 40 60 
 
 
6.5 Hertz contact footprint 
In Figures 9, 10 the size of the Hertz contact footprint is shown for both scenarios for the 
crossed helical gear pair. For comparison in Figure 11 the contact footprint of the hypoid gear 
pair is shown. The horizontal axis represents the contact path. The vectors of the sum and 
sliding velocity are also shown. 
 
 
Figure 9: Hertz contact footprint of the crossed helical gear pair at 60 Nm. 
 
Figure 10: Hertz contact footprint of the crossed helical gear pair at 40 Nm. 
 
Figure 11: Hertz contact footprint of the hypoid gear pair at 101.3 Nm. 
 
6.6 Maximum pressure 
The assumed load distribution percentage is shown in Figure 12. In Figure 13 the maximum 
pressure is shown for all scenarios. The hypoid gear pair has a smoother easing in and out of 
the load and a continuous curve since it is calculated taking into account the deformations.  
 
Figure 12: Load distribution along the contact path for the crossed helical gear pair. 
 
 
Figure 13: Maximum pressure along the contact path for all cases. 
 
6.7 Friction coefficient and central film thickness  
Figure 14 shows the central film thickness as calculated along the contact path for the crossed 
helical gear pair and the hypoid one. It can be observed that the film thickness (for the two 
load cases of 40 and 60 Nm) is only marginally affected by the increase in pressure. The film 
thickness value ranges between 2.5-3μm that appears higher than typical EHL film thickness 
values. Using a thermal EHL solver should provide more accurate results. 
 
 
Figure 14: Central film thickness 
 
Figure 15 shows the friction values along the contact path. Experimental values for reference 
are difficult to obtain. However, the average friction coefficient is close to the model of Wech 
 
 
[28] for hypoid gears, the AGMA technical paper of Xu et al. [29] and the newer works of 
Mohammadpour et al. [22,30].  The friction model is only valid for the visco-elastic regime. 
In this paper, meshing cycle regions with pressures below 200 MPa and high speed fell in the 
iso-viscous rigid regime and thus are excluded. The calculations of the lubrication regime has 
been done using the Gv and Ge parameters of Hamrock and Dowson [31] The number of 
such points is small and the power loss related is marginal. 
 
 
Figure 15: Friction coefficient along the contact path 
 
6.8 Efficiency and power loss 
 
Table 7 shows a summary of the results obtained from the tribology calculations. The power 
loss is calculated using the normal force and the average values of the friction, sliding 
velocity: 
 
𝜂𝜂 = 1 − 𝑃𝑃𝑣𝑣
𝑃𝑃𝑖𝑖
= 1 − ?̅?𝜇𝐹𝐹𝑎𝑎𝑉𝑉𝑔𝑔�
𝑃𝑃𝑖𝑖
 
(50) 
 
Figure 16 and Figure 17 show the power loss and efficiency comparisons.  
 
Table 7 Summary 
 
 
 
 
 
 
 
Figure 16: Power loss comparison 
 
Figure 17: Power efficiency comparison 
 
7. Conclusions 
Summary Hypoid Pair [30] Crossed helical pair  
Speed (rpm) 4500 3000 3000 
Torque (Nm) 101.088 40 60 
Input power [kW] 47.636 12.566 18.85 
Normal force [kN] 2.123 1.247 1.870 
Average friction coef. (μ) [-] 0.0204 0.0204 0.0232 
Average sliding velocity [m/s] 5.64 5.78 5.78 
Maximum pressure [GPa] 0.736 0.734 0.864 
Power loss [W] 244 147 250.89 
Efficiency 99.49% 98.83% 98.67% 
 
 
Hypoid gear pairs are commonly used in vehicles of all types especially in rear axles. Their 
complex geometry, which is closely related to the specific manufacturing process, and the 
high cost render tribological tests exorbitantly complex and costly. For rating purposes 
equivalent helical crossed axes gear pairs can be used.  
The current study initially presents a kinematic analysis of hypoid gears based on crossed 
helical gear pairs defined for each contact point. Additionally, the study explores the use of a 
single crossed helical gear pair that is tribologically equivalent to a given hypoid gear pair. 
Utilizing results for pressure and entrainment angle obtained by TCA for the hypoid pair, the 
contact parameters are studied in order to calculate the tribological conditions that need to be 
matched. The torque and rotational velocity are selected to match the maximum pressure and 
film thickness of the hypoid gear pair. Two scenarios are examined since in many occasions 
the experiments may aim to simulate not just a similar contact but rather an equal power loss 
rate. 
Using a friction model that takes into account a Ree-Eyring non-Newtonian lubricant, the 
friction coefficient is calculated, which shows that the friction is in good agreement between 
the crossed helical gear pairs and the hypoid one.  
A theoretical correspondence between hypoid and crossed helical gears is examined and 
proven using the software tools presented in the current study and test scenarios. Experiments 
with crossed helical gears in back-to-back test rigs can be designed to research hypoid gears 
reducing the cost. The method approximates sufficiently the tribology making it suitable for 
comparative testing of lubricants or efficiency. 
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Appendix A 
The calculation of parameters ξ and η when the auxiliary angle 𝜃𝜃 is known, can be carried out 
numerically as outlined below. At first, the following equation is solved numerically for 𝜀𝜀: 
 cos 𝜃𝜃 = 𝛦𝛦(𝜀𝜀)(1 + cos2 𝜀𝜀) − 2𝛫𝛫(𝜀𝜀) cos2 𝜀𝜀
𝛦𝛦(𝜀𝜀) sin2 𝜀𝜀  (A.1) 
 
Then, the complete elliptic integrals of the first 𝛫𝛫(𝜀𝜀) and second 𝛦𝛦(𝜀𝜀) kind with modulus 𝜀𝜀 
must be calculated. They can be computed very efficiently using the arithmetic–geometric 
mean, [32]. Finally, the parameters 𝜉𝜉 and 𝜂𝜂 are calculated using the following relationships: 
 
𝜉𝜉 = � 𝛫𝛫(𝜀𝜀) − 𝛦𝛦(𝜀𝜀)𝜋𝜋4 sin2 𝜀𝜀(1 − cos𝜃𝜃)3  (A.3) 
 
𝜂𝜂 = �𝛦𝛦(𝜀𝜀) cos 𝜀𝜀 − 𝛫𝛫(𝜀𝜀) cos3 𝜀𝜀𝜋𝜋4 sin2 𝜀𝜀(1 + cos𝜗𝜗)3  (A.4) 
 
Alternatively, the approximate equations introduced by Grekoussis/Michailidis [33] can be 
used. 
 
 
 
Appendix B 
Figure 18 shows the calculation method of the cone distance using the extended epicycloid 
kinematics and the main parameters involved. 
The parametric equations of an extended epicycloid in a coordinate system (x, y) are: 
 
𝛥𝛥1,2 = (𝐸𝐸𝑏𝑏1,2 + 𝐸𝐸𝑥𝑥1,2 ) cos𝜑𝜑𝑒𝑒𝑒𝑒𝑖𝑖𝑐𝑐 + 𝑟𝑟0𝑐𝑐1,2 cos(𝜑𝜑𝑒𝑒𝑒𝑒𝑖𝑖𝑐𝑐 + 𝛽𝛽𝑒𝑒𝑒𝑒𝑖𝑖𝑐𝑐1,2) (B.1) 
 
𝛥𝛥1,2 = (𝐸𝐸𝑏𝑏1,2 + 𝐸𝐸𝑥𝑥1,2 ) sin𝜑𝜑𝑒𝑒𝑒𝑒𝑖𝑖𝑐𝑐 + 𝑟𝑟0𝑐𝑐1,2 sin(𝜑𝜑𝑒𝑒𝑒𝑒𝑖𝑖𝑐𝑐 + 𝛽𝛽𝑒𝑒𝑒𝑒𝑖𝑖𝑐𝑐1,2) (B.2) 
 where   𝛽𝛽𝑒𝑒𝑎𝑎𝑖𝑖𝑐𝑐1,2 = 𝛦𝛦𝛥𝛥1,2𝐸𝐸𝑏𝑏1,2 𝜑𝜑𝑒𝑒𝑎𝑎𝑖𝑖𝑐𝑐 (B.3) 
 
𝜑𝜑𝑒𝑒𝑒𝑒𝑖𝑖𝑐𝑐 is the angle of the rolling circle centre from the x axis and is the independent parameter 
of the epicycloid curve.  
𝛽𝛽𝑒𝑒𝑒𝑒𝑖𝑖𝑐𝑐1,2 is the local rotation angle of the rolling circle and therefore it is equal to the diameter 
ratio of the base and roll circles. 
The above function is symmetrical and in the range [0, π] and for any given radius point a 
specific angle φ is assigned. Hence, a unique Cartesian coordinate pair can be found for each 
curve point. Provided that Δx is adequately small, it can be assumed that the distance of two 
successive points on the curve, is equal to the cord length. Given the cone distance 𝑅𝑅𝑚𝑚1,2, the 
coordinates (𝛥𝛥𝑚𝑚1,2 ,𝛥𝛥𝑚𝑚1,2) of the mean point of the hypoid pair can be found. Then, the 
coordinates of the next meshing point Y′ are found numerically by solving the following 
equation. By applying eq. B.4 two possible solutions can be found with φepic greater or less 
than the initial angle. The selection is made depending if we are heading toward the 
addendum or dedendum of the gear. The addendum of the pinion is heading towards greater 
angles 𝜑𝜑𝑒𝑒𝑒𝑒𝑖𝑖𝑐𝑐. 
 
��𝛥𝛥𝑚𝑚1,2 − 𝛥𝛥𝑌𝑌′1,2�2 + �𝛥𝛥𝑚𝑚1,2 − 𝛥𝛥𝑌𝑌′1,2�2 = 𝛥𝛥𝛥𝛥 (B.4) 
 
Finally, the cone distance RY′1,2 can be calculated: 
 
𝑅𝑅𝑌𝑌′1,2 = �𝛥𝛥 𝑌𝑌′1,22 + 𝛥𝛥 𝑌𝑌′1,22  (B.5) 
 
 
Figure 18: Calculation of the cone distance at point Y′ 
 
 
 
Nomeclature:   
𝐴𝐴 Auxiliary parameter of the principal radii 
𝑎𝑎 hypoid offset 
centre-distance a𝑌𝑌 semi-major axis of the contact ellipse 
𝐵𝐵 Auxiliary parameter of the principal radii 
𝑏𝑏𝑌𝑌 semi-minor axis of the contact ellipse 
𝑏𝑏2 Wheel face width 
𝑐𝑐′ Heat capacity of the contacting solids 
𝑑𝑑𝑚𝑚2 Mean pitch diameter of the wheel 
𝑑𝑑𝑒𝑒2 Outer pitch diameter of the wheel  
𝑑𝑑𝑏𝑏 Base circle diameter 
𝑑𝑑𝑤𝑤 Working pitch circle diameter 
𝐸𝐸′ Effective elastic modulus 
𝐸𝐸1 𝑎𝑎𝑡𝑡𝑑𝑑 𝐸𝐸2 Moduli of elasticity of gears 1 and 2, respectively 
𝐸𝐸𝑥𝑥 Epicycloid base circle radius 
𝐸𝐸𝑏𝑏 Epicycloid roll circle radius 
𝑓𝑓1,2𝑌𝑌 Dimensionless radius parameter of point Y. 
𝐹𝐹𝑎𝑎 Normal force between the two flanks 
𝑔𝑔𝑎𝑎𝑎𝑎1 Length of approach 
𝑔𝑔𝑎𝑎𝑎𝑎2 Length of recess 
𝐺𝐺∗ Non-dimensional material parameter of the film thickness 
ℎ𝑐𝑐𝑐𝑐
∗ Non-dimensional central film thickness 
ℎ𝑐𝑐𝑐𝑐 Central film thickness 
ℎ1𝑌𝑌 Radial distance of point Y from working pitch circle. 
ℎ𝑎𝑎𝑚𝑚 Addendum at mean point of the hypoid gear 
𝐾𝐾′ Thermal conductivity of the contacting solids 
?̇?𝐾 Thermal conductivity of the lubricant 
𝑘𝑘1,2 Penetration coefficient 
𝑡𝑡1 Rotational speed of gear 1 
𝑃𝑃𝑖𝑖 Input power  
𝑃𝑃𝑣𝑣 Power loss 
𝑅𝑅𝑌𝑌 Cone distance of point Y  R′, R′′ Principal radii of the equivalent ellipsoid of two crossed cylinders 
𝑅𝑅𝑒𝑒 Effective radius of curvature in the direction of lubricant entrainment 
Outer pitch cone radius of the hypoid gear 
𝑅𝑅𝑆𝑆 Effective radius of curvature in the direction of side leakage 
𝑅𝑅𝑧𝑧𝑥𝑥,𝑅𝑅𝑧𝑧𝑦𝑦 Principal radii of the equivalent ellipsoid 
𝑟𝑟 radius of gear cylinder 
𝑟𝑟𝑐𝑐0 Cutter radius  
𝑟𝑟𝑦𝑦 Radius of a contact point Y 
𝑆𝑆𝑅𝑅𝑅𝑅 Slide to roll ratio SRR = Vg
U
= 2Vg
VΣ
SRR = Vg
U
= 2Vg
VΣ
 
𝑇𝑇1 Torque transmitted by gear 1 
𝑈𝑈 Entrainment speed U = VΣ
2
U = VΣ
2
 
𝑈𝑈∗ Non-dimensional speed parameter of the film thickness 
𝑢𝑢 Gear ratio 
𝑣𝑣1 velocity of pinion 
𝑣𝑣𝐹𝐹 Active flank velocity at contact point 
 
 
𝑣𝑣𝑔𝑔 Sliding velocity 
𝑉𝑉�𝑔𝑔 Mean sliding velocity 
𝑊𝑊∗ Non-dimensional load parameter of the film thickness 
𝑊𝑊𝑗𝑗 Normal load at each contact point 
𝑤𝑤𝑌𝑌 Load factor 
𝑧𝑧0 Number of blade groups (only face hobbing) 
𝑧𝑧1,2 Tooth number of gear 1 or 2 
 
Greek symbols 
𝛼𝛼𝑎𝑎,𝛼𝛼𝑡𝑡 Pressure angle (normal and transverse plane) 
𝛼𝛼 Viscosity-pressure coefficient  
𝛽𝛽 Helix angle 
𝛽𝛽𝑚𝑚1,2  Mean spiral angle of hypoid pinion (1) and wheel (2) 
𝛾𝛾𝛣𝛣 angle between the trajectory of contact point on the flank and the 
generator line 
𝛿𝛿 Pitch angle of the hypoid cone 
𝛥𝛥𝛥𝛥 Tooth distance along the length of the pinion or wheel flank 
𝛥𝛥𝛥𝛥 Standing off distance of a meshing point from the generating mid-
plane 
𝜀𝜀 Auxiliary angle of elliptical integral 
𝛦𝛦(𝜀𝜀) First kind complete elliptical integral 
𝜁𝜁 Thermal ratio for heat viscosity reduction of oil 
𝜂𝜂𝑌𝑌 Auxiliary elliptical parameter  
𝜂𝜂 Efficiency 
𝜂𝜂0 Lubricant atmospheric dynamic viscosity 
𝜃𝜃 Auxiliary angle 
𝛫𝛫(𝜀𝜀) Second kind complete elliptical integral 
𝜆𝜆𝑦𝑦 Ratio of radii of curvature 
𝜇𝜇 Friction coefficient 
?̅?𝜇 Mean friction coefficient along the contact path 
𝜈𝜈1 𝑎𝑎𝑡𝑡𝑑𝑑 𝜈𝜈2 Poisson’s ratio of gears 1 and 2, respectively 
𝜉𝜉𝑌𝑌 Auxiliary elliptical parameter 
𝜌𝜌′ Density of contacting solids 
𝜌𝜌𝑃𝑃0 Crown gear to cutter centre distance 
𝜌𝜌𝐵𝐵𝑦𝑦 Curvature radius at a contact point y 
𝜎𝜎𝛨𝛨0 Surface pressure 
𝛴𝛴 Shaft angle 
𝜏𝜏0 Eyring shear stress 
𝜑𝜑 Crossing angle of cylindrical contact bodies 
𝜑𝜑𝑦𝑦
′  Angle between the major ellipse angle and the principal curvature 
plane of gear flank 1 
𝜓𝜓𝑌𝑌1,2 Auxiliary epicycloid angle 
 
Subscripts 1, 2 Gear 1 and 2 a tip circle of gear cylinder 
𝑏𝑏 Base circle 
 
 
𝑡𝑡 Normal plane 
𝑚𝑚 Mean point 
𝑠𝑠 Pitch circle of crossed helical gears  
𝑡𝑡 Transverse plane 
𝑌𝑌 Any point of mesh along the contact path of crossed helical gears 
 
 
